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Transonic Aeroelasticity Analysis Using State-Space Unsteady
Aerodynamic Modeling

G. L. Crouse Jr.* and J. G. Leishmant
University of Maryland, College Park, Maryland 20742

An aeroelastic analysis is conducted on a two-degree-of-freedom airfoil in transonic flow using a generalized
state-space approximation for the unsteady aerodynamics. The aerodynamic representation is validated against
computational fluid dynamic solutions for angle of attack oscillations up to Mach numbers of 0.875 and at
reduced frequencies up to 1.0. Despite the inherent nonlinear nature of transonic flow, it is shown that a linear
finite-state model with as few as eight states can provide a good approximation to the unsteady lift and moment
behavior if appropriate allowance is made for Mach number effects on the airfoil’s static lift curve slope and
mean aerodynamic center. It is shown how the aerodynamic representation can be coupled to the structural
equations of a typical airfoil section with bending and torsional degrees of freedom. The stability of the resulting
aeroelastic system is determined by eigenanalysis. This aeroelastic analysis is shown te be in excellent agreement
with calculations performed using more sophisticated unsteady aerodynamic theories.

Nomenclature

. coefficients of indicial functions

sonic velocity

semichord, ¢/2

. exponents of indicial functions

pitching moment about the i-chord

N normal force coefficient

Cya = normal force curve slope

c = airfoil chord

8n» 8o = structural damping in plunging and pitching,
respectively

h = plunge (bending) displacement, positive
downward

1, = polar moment of inertia about j-chord per unit

length

spring stiffness in bending and torsion,

respectively

= reduced frequency, wc/2V

Mach number

= mass per unit length

generalized aerodynamic forces in plunging and

pitching, respectively

nondimensional pitch rate, &c/V

= radius of gyration about elastic axis, \/1,/mb?

distance traveled in semichords, 2Vt/c

static mass moment, mbx,

basic noncirculatory time constant, ¢/a

time

freestream velocity

nondimensional position of the aerodynamic

center measured from the leading edge

X; = state variable
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X = nondimensional distance in semichords from
elastic axis to center of mass
o = angle of attack
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B = compressibility factor, V1 — M?
0 = pitch angle
A = eigenvalue
I = airfoil mass ratio, m/pwb?
P = air density
¢ = indicial response function
w, = uncoupled bending frequency, VK,/m
W, = uncoupled torsion frequency, \/m
Subscripts
M = pitching moment about the % chord
q = pitch rate
a = angle of attack
Superscripts
= circulatory component
I = noncirculatory (impulsive) component

I. Introduction

HE calculation of the aeroelastic response of lifting sur-

faces operating in the transonic flow range is of consid-
erable importance in aircraft design. Many aircraft operate
in transonic flow during at least part of their flight envelope,
and the avoidance of transonic flutter is an important consid-
eration. The main problem is that under transonic flow con-
ditions, small displacements of the airfoil section will produce
large changes in the aerodynamic forces and pitching moments
about the elastic axis. Furthermore, under time-dependent
conditions, considerable phase differences can exist between
the airfoil motion and the resultant airloads. These unsteady
aerodynamic characteristics often make aeroelastic instabili-
ties and flutter more likely to occur on lifting surfaces when
transonic flow conditions exist. Unsteady transonic aerody-
namics is also of great concern in helicopters, since in forward
flight the advancing blade tip may penetrate well into the
transonic region.

Aeroelastic analyses are typically concerned with finding
all the likely instabilities of a given configuration, or finding
the variation of flutter speed with certain key structural pa-
rameters. These analyses are usually performed repeatedly to
optimize the final design. As a result, there is considerable
motivation to be able to perform aeroelastic calculations quickly
and inexpensively. For rotorcraft analyses, the incentive is
even greater because the complex nature of both the flowfield
and the blade dynamics makes the aeroelastic analysis con-
siderably more time consuming than for fixed wing aircraft.
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All aeroelastic analyses are greatly simplified when the gov-
erning acrodynamic equations can be linearized. If the aero-
dynamics can be treated in a linear manner then classical
theory is readily available for the aeroelastician’s use, see, for
example, Refs. 1 and 2. Under purely subsonic or supersonic
flow conditions, the governing flow equations are linear and
the aerodynamic forces and moments depend on the airfoil
motion in a linear manner. However, under transonic flow
conditions, the governing aerodynamic equations become in-
herently nonlinear. The nonlinearities manifest themselves
through changes in the airfoil pressure distribution via the
shock wave strength and position and, consequently, on the
resultant forces and moments. These effects can be repre-
sented completely only by a method that can solve the gov-
erning nonlinear flow equations. As a result, the represen-
tation of the unsteady aerodynamic effects in a form suitable
for routine transonic aeroelasticity calculations generally proves
difficult.

Currently, the most accurate aerodynamic models for tran-
sonic flow are computational fluid dynamic (CFD) solutions
to the governing equations. A state-of-the-art review of CFD
methods for determining the transonic flowfield around two-
dimensional airfoils is given by Ballhaus and Bridgeman.> The
first use of a CFD method (LTRAN2) in a time-marching
transonic flutter prediction was performed by Ballhaus and
Goorjian,* and recent transonic aeroelasticity studies have
essentially continued along these lines.*~” These CFD-based
approaches are often considered to be the salvation of the
aeroelastician; however, in many situations, a time-marching
aeroelastic analysis using a CFD method is very computa-
tionally expensive for routine design purposes or parametric
studies, particularly so in the case of rotors.

The limitations of a time-marching aeroelastic analysis are
compounded by the fact that little direct information is ob-
tained on the damping of the aeroelastic system. Usually, an
analysis must be performed on the time history of the response
to obtain the natural frequencies and mode shapes. The de-
terminations of the aeroelastic stability boundaries can thus
require extensive amounts of computer resources. Hence, for
many practical studies of aeroelasticity involving transonic
flow, an alternative and much simplified representation of the
unsteady aerodynamic behavior of the airfoil sections is ex-
tremely useful if it can be properly justified.

Many transonic aeroelasticity analyses have assumed line-
arity for the airloads so that traditional linear flutter methods
can be used, for example, Refs. 4, 6, 8, and 9. A lucid dis-
cussion of when the aerodynamic forces may be linearized in
transonic flow is given by Dowell et al.’ Generally, in tran-
sonic flow, linearity can be assumed readily if the angle-of-
attack displacements are moderately small or if the reduced
frequency is either very low or relatively high. Current lin-
earized methods generally utilize oscillatory unsteady aero-
dynamic coefficients obtained from panel methods or CFD
solutions to construct approximate solutions for the gener-
alized airloads. For example, Refs. 9 and 11 are typical in
which Padé interpolating functions are used. The addition of
the resulting expressions for the airloads to the structural
equations of motion then produces a matrix of equations in
state-space form, which can then be directly used for stability
analyses of the wing. However, identification of the aerody-
namic states in this manner for rotor aeroelasticity is difficult
or impossible because of the varying Mach number with both
blade station and azimuth angle, coupled with the more com-
plex wake structure. Thus, the aerodynamic states for use in
rotor aeroelasticity must be obtained from two-dimensional
aerodynamic theories, and the unsteady aerodynamic ap-
proximation generalized wherever possible in terms of section
Mach number.

It is the objective of this work to describe an approximate,
but fairly general and efficient time-domain method for per-
forming aeroelasticity analysis in both subsonic and transonic
Mach number ranges. The model starts with generalized ap-
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proximate forms of the indicial lift and pitching moment func-
tions for a typical section in compressible flow.!* From these,
a set of first-order ordinary differential equations (ODEs) are
derived, which relate the airfoil motion to the airloads. The
resulting first-order ODEs describing the unsteady aerody-
namics can then be appended readily to the structural re-
sponse equations governing the airfoil dynamics.

To support the development of the method, illustrative
examples are presented for the unsteady lift and pitching mo-
ment on a two-dimensional airfoil undergoing oscillatory forc-
ing in transonic flow and are compared with results computed
by CFD codes. The aerodynamic theory is also combined with
the structural equations of motion of an airfoil section with
pitch and plunge degrees of freedom. The ability to efficiently
and accurately compute the flutter speed of the airfoil is dem-
onstrated using direct eigenanalysis of the state equations.

II. Methodology

A. Aerodynamic Approximation

The unsteady aerodynamic behavior of a two-dimensional
airfoil can be approximately described using a finite set of n
first-order ODEs of the form

X = Ax + Bu @
with p output equations
y = Cx + Du 2

where X = dx/dt; u = u,, i = 1,2, ..., m are the system
inputs (i.e., angle of attack and pitch rate), and the y = y,,
i =12,...,p are the system outputs (i.e., the forces and
moments). x = x;,{ = 1,2, . . . , n are the aerodynamic state
variables. The aerodynamic states provide the information
required at a given instant in time to allow the determination
of the future airloads given future inputs in airfoil motion. In
general, a minimum number of states must be used to econ-
omize on computational resources.

To obtain a finite number of acrodynamic state equations,
one can work with suitable representations of the indicial
response functions in a convenient approximate form. Wagner?*
has obtained the indicial lift response of an airfoil operating
in incompressible flow, the result of which is expressed in
terms of Bessel functions. Since this is not particularly con-
venient, Jones’ exponential approximation'® to the Wagner
function is typically used in the analysis of both fixed wing
and rotary wing aeroelasticity problems. For example, Ed-
wards et al.!” show how a state-space representation for the
incompressible flow regime can be derived from Jones’ ap-
proximation to the Wagner function. The use of an incom-
pressible aerodynamic theory is, however, of limited practical
utility in the aeroelastic analysis of wing systems at higher
Mach numbers where significant compressibility effects be-
come increasingly important.

Although there is no exact equivalent to the Wagner func-
tion for compressible flow, an approximation can be derived
by using certain generalizations to include the effects of com-
pressibility. Beddoes'® recently derived a generalized expo-
nential series approximation for subsonic indicial response
functions, and this work has been extended and validated by
Leishman'* using a variety of experimental and theoretical
results. The state equations describing the unsteady aerody-
namic response can be obtained by direct application of La-
place transforms to these indicial response functions.'>*

The indicial response functions can be represented ade-
quately by exponential approximations with up to three terms.
Experience has shown that this level of approximation is ad-
equate if care is taken when selecting the values of the ex-
ponential coefficients. To place a physical significance on the
phenomena occurring during the indicial response, the ap-
proximating functions are idealized into two parts. The first
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part of the response is for the noncirculatory loading, which
represents the time-dependent airloads due to acoustic wave
propagation. The noncirculatory part was first extracted by
Mazelsky'® and later approximated by Beddoes.'® The initial
value of this loading is derived from piston theory? and is valid
for any Mach number. For subsequent time, these initial pres-
sure waves propagate at the local speed of sound and the
loading quickly decays from its initial value. The second part
of the indicial response is due to the circulatory loading that
builds up asymptotically to the steady-state value as the shed
wake is convected downstream from the airfoil.

In general, the indicial normal force response to a step
change in angle of attack « can be written as

Cn(S) _ %‘f’i(s’ M) + CNH(M)qbf(S, M) 3)

¢4

where the indicial responses ¢, ¢/, are exponential functions
that are expressed in terms of both aerodynamic time S and
the Mach number M.

The indicial functions ¢ < and ¢/ due to angle of attack «
can be written

$S(S, M) = 1 — A, exp(—b,B°S) — A; exp(—b,B%S5)  (4)

and

a

o165, M) = e () (s2)

or

SL( M) = exp ( K_;‘,> (5b)

The form of ¢¢ is very similar to Jones’ approximation to the
Wagner function, however, the empirically derived constants
used here have the values A; = 0.3, A, = 0.7, b; = 0.14,
b, = 0.53 and the exponents are scaled with 82, as given in
Ref. 18. K, is an analytical function of Mach number and the
coefficients A, A,, b,, and b, are as derived in Ref. 14, with
T, = c/a. Furthermore, the circulatory loads are dependent
on the lift curve slope C,,_, which is a function of Mach num-
ber and can be obtained from experimental measurements
or, more approximately, by using a simple Prandtl-Glauert
type compressibility correction to the low Mach number re-
sults.

The typical behavior of the indicial lift response for a step
change in angle of attack is shown in Fig. 1 for a Mach number
of 0.8 in comparison with results published by Magnus® for
the indicial response in transonic flow using an Euler code.

30
29 Present Theory
= CFD (Magnus)
10 - -—-- Wagner Function

—

Normal Force / rad.
o

0 1 Ll T ¥ T T T 1
0 2 4 6 8 10 12 14 16
Distance Travelled in Semi—Chords, S

Fig.1 Indicial lift response for incompressible and compressible flow.
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Also shown in Fig. 1 for reference is the classical Wagner
function, which, in contrast to the compressible functions, has
an infinite value at § = 0. The lift curve slope used in the
present approximation to the compressible indicial response
was derived from Magnus’ asymptotic value to allow a direct
comparison. The comparison is quite good and gives consid-
erable confidence in the approximating functions used here
for the indicial response at transonic Mach numbers.

Starting from these approximations to the indicial func-
tions, the normal force response to changes in the angle of
attack can be derived in the state-space form. The first two
states (associated with the lags b, and b,) represent, in ag-
gregate, how the shed wake affects the circulatory component
of the normal force. This part can be written as

-2 S [o o

with the output equation for the normal force coefficient given

by
cso = e (Z) g2 |4 am| %] @

where, in accordance with the thin airfoil approximation,
@y, is the quasisteady angle of attack at the 3-chord, i.e.,

aault) = o) + L2 ®

The third state is a result of the time-dependent noncir-
culatory loads, and this contribution can be written in the
state-space form as

£ =~ bt al) ©)
Cit) = % [_K_lf,x3 + a(t)] (10)

where K, T, is the time constant associated with the loss of
lift due to acoustic wave propagation.

In a similar manner, the i-chord pitching moment response
to a step change in angle of attack « can be written as

CulS) 1,
I A
+ Cy (M)$S(S, M)[0.25 — x,.(M)] (11)

The indicial response ¢Z,, is written in a manner analogous
to ¢L, but represents the noncirculatory contribution to the
pitching moment. The second term in Eq. (11) represents the
circulatory contribution to the pitching moment due to a Mach
number dependent offset of the aerodynamic center x,. from
the airfoil i-chord axis. The value of x,. is dependent on airfoil
section and Mach number. Normally, this could be obtained
either from experimental airfoil data or from CFD analysis
under stated conditions. At low subsonic speeds, the aero-
dynamic center lies close to the i-chord, although, for tran-
sonic speeds, the effective aerodynamic center moves quickly
to the vicinity of the 3-chord as the freestream Mach number
increases, a result not predicted by linearized theory.

The complete equations for the normal force and pitching
moment due to changes in angle of attack a and pitch rate g
are derived in Refs. 12 and 13. This produces an eight-state
model for the circulatory and noncirculatory components of
the unsteady lift and pitching moment. The individual com-
ponents of aerodynamic loading are then summed in a linear
manner to obtain the net aerodynamic response. Thus, the
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aerodynamic model can be expressed in terms of a two-input,
two-output system where the inputs are the angle of attack
and pitch rate («, q) and the outputs are the unsteady normal
force (lift) and pitching moment coefficients (Cy, C,,). The
complete set of eight-state equations representing the aero-
dynamics are

X =Ax + B {Z} (12a)

{8:} —Cx+ D {Z} (12b)

These matrices are fully defined in Ref. 13. Note that the
only free parameters in this representation are the static lift
curve slope and the aerodynamic center offset from the i-
chord.

B. State-Space Aeroelastic Model

With these generalized unsteady aerodynamic equations
written in a first-order state-space form, they can be coupled
into the equations of motion of an airfoil section with bending
and torsion degrees of freedom. The parameters and sign
conventions for a typical airfoil section are shown in Fig. 2.
The equations of motion can be written in terms of the inertia
forces, elastic forces, and aerodynamic forces as

mh + S0 + g.h + mwih = Q, (13a)
Soh + 1,6 + g,0 + Lw30 = Q, (13b)
Written in matrix form, these equations become

mi + gu + ku = Q (14)

_|[m S _ 18 0
melsi] el

where

_ )Ll _1 |-c0]]Cxy
o~ () -2 [ e]2)
This set of second-order differential equations can be con-
verted to first-order form by defining the states
z, = h, z, =0 (15)

z, = h, z, =0,

The structural dynamic equations then become

I 0}, 0 1 0
o a0 A} oo
It should be noted that the main differences between the
various methods that exist for aeroelasticity analysis lie within
the prediction of the aerodynamic loads Q. For a quasisteady
aerodynamic representation, Q can be expressed in terms of
the instantaneous displacements z alone. In practice, how-
ever, both the circulatory and noncirculatory airloads depend
on the time histories of the pitch angle displacement 6 and
the derivatives 6 and 4.
In order to couple the structural and aerodynamic equa-
tions, the unsteady aerodynamic equations given previously
can be expressed in terms of the z states as

¥ =Ax + B'z (17)
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c Mean Position

Elastic Axis
(1/4 Chord)

Fig. 2 Definition of parameters for a two-degree-of-freedom airfoil
section.

where B’ is an 8 X 4 matrix and

1 —c 0 C ' rry
0= Epvz [ 0 Cz] {C:,} = C'x + [DiD;]z (18)

The matrices B’, C’, D1, D} correspond to the matrices B,
C, and D, that were introduced in Eq. (12), however, the
prime indicates that those matrices have been multiplied by
a constant. In addition, the D matrix has been separated into
two matrices, D] and D 3.

These equations for the unsteady airloads can be coupled
into the structural equations to give the final equations of the
aeroelastic system

100 . 0 I 0 2
HROSRE R

which is a 12 X 12 system of linear equations. The 2 x 2
aerodynamic matrices D] and D} contain the initial values of
the indicial response functions (the piston theory terms), and
it can be shown that these terms are in fact associated with
both the stiffness and damping terms in the aeroelastic system.
The matrix A is the 8 X 8 aerodynamic state matrix given in
Eq. (12). This is the aerodynamic feedback matrix for the
system that is responsible for the time history effects (both
circulatory and noncirculatory) on the aerodynamic loading.
When using incompressible theory (Jones’ approximation to
the Wagner function), a similar system of equations is pro-
duced, but only six linear equations are required.

The aeroelastic stability of the system is determined by a
12 X 12 eigenvalue problem, which yields the eigenvalues A,
= 0, + iw,. For any o, > 0, the system is unstable. Alter-
natively, Eq. (19) may be directly integrated with respect to
time using a standard ODE solver and the response simply
monitored for converging or diverging behavior.

III. Results and Discussion

The aerodynamic method presented here requires as input
the static lift curve slope and the aerodynamic center offset
from the i-chord for each airfoil under consideration. These
data are readily available for most airfoils in the subsonic and
transonic region. In this paper, we confine our attention to
the well-used NACA 64A006 airfoil for which experimental
data are available in Ref. 21. In addition, Yang et al.?? present
data for static conditions as obtained from two transonic small
disturbance (TSD) codes, namely, LTRAN2-NLR and
STRANS2/UTRANS?2. Figure 3 presents the results of these
two codes, the experimental measurements, and also the lift
curve slope using the Prandtl-Glauert correction. The varia-
tions shown in Fig. 3 clearly indicate the well-known rapid
increase in the lift curve slope and the corresponding aft move-
ment of x,. with increasing subsonic Mach number.

The validity of the present unsteady aerodynamic approx-
imations under transonic flow conditions has been investi-
gated by comparing with various CFD solutions for the in-
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Fig.3 Variation of lift curve slope and aerodynamic center with Mach
number for the NACA 64A006 airfoil.
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Fig. 4 Variation of lift and pitching moment for extended reduced-
frequency range at M = 0.8.

viscid transonic flow about unsteady airfoils. One such
comparison is shown in Fig. 4 for the unsteady lift and pitching
moment on a NACA 64A006 airfoil during a harmonic pitch
oscillation at M = 0.8. The CFD data were computed by
Lee® using a modified ONERA TSD code in which high-
frequency terms (the second time derivative) have been re-
tained in the governing equations. For convenience, this code
is referred to as the ONERA-NAE code. The particular data
computed by Lee® are quite unique since the unsteady aero-

TRANSONIC AEROELASTICITY 157

dynamic loads at reduced frequencies (k = wc/2V) up to 1.0
were obtained. This is significantly higher than can be ob-
tained experimentally. Also shown in Fig. 4 are TSD results
computed by Yang and Chen?*; however, because these re-
sults were not computed with the second time derivative, they
probably cannot be considered as accurate as those computed
by Lee.

As demonstrated in Fig. 4, the accuracy of the present
unsteady aerodynamic approximations in predicting both the
normal force (lift) and pitching moment over the full reduced-
frequency range is highly encouraging. It should be noted that
both angle of attack and pitch rate terms are included. The
asymptotic behavior of the lift and moment at high reduced
frequencies is dominated by the noncirculatory aerodynamic
loading and is consistent with the values predicted using piston
theory. Further results (not shown) for the lift response for
both pitch and plunge oscillations were found to be in good
agreement with the ONERA-NAE data over a range of Mach
numbers from 0.8 up to 0.875.

The behavior of the unsteady pitching moment is often
more critical to flutter and is quite difficult to predict accu-
rately in transonic flow. The unsteady pitching moment is
shown in Fig. 5 vs reduced frequency for Mach numbers of
0.85 and 0.875. At M = 0.8, the flow about the NACA
64A006 airfoil is essentially shockless, although at M = 0.85,
a shock wave forms intermittently on the airfoil (Tijdeman
B-type shock development?). It is noteworthy that the shock
displacement (and the associated pressure changes) signifi-
cantly lag the airfoil motion and result in large excursions in
pitching moment at values of k£ around 0.35. Even so, this
nonlinear behavior is confined to a narrow frequency range
and disappears as the reduced frequency increases further and
the shock wave position stabilizes. At a Mach number of
0.875, a shock wave is fully developed on the airfoil and the
x,. moves significantly aft of the i-chord. It should be noted
that the shock wave displacement is actually quite large for
low-frequency oscillations; nevertheless, the present method
does fairly well in predicting both the real and the imaginary
components of the resulting pitching moment response.

The correlations obtained in Figs. 4 and 5 lend considerable
confidence to the ability of the present method to accurately

0.5 —— Present Method, C,
————— Present Method, C,‘u
B—® ONERA-NAE (Lee) ~

13.86, x,, = 0.299
14.65, x,, = 0.286

Pitching Moment / rad.

Imaginary Part /
T T

0.0 0.2 0.4 0.6 0.8 1.0

-2.0 T T

\ —— Present Method, C, = 17.68, x,, = 0.443
————— Present Method, C,” = 14.23, x,, = 0.357
a

9
o
< ~0.04 /lmclginury Part
T | e
3
| Y it i
)
= -
JAS
o
c —2.0
% \Raol Part
o M = 0.875
_4-0 T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0

Reduced Frequency, k

Fig. 5 Variation of aerodynamic pitching moment for extended re-
duced-frequency range at M = .85 and 0.875.
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predict both the amplitude and phasing of the unsteady aero-
dynamic behavior in transonic flow. The results also essen-
tially substantiate aerodynamic linearity for transonic flow so
long as the flow remains attached to the airfoil, i.e., at low
angles of attack. This has been confirmed experimentally by
Davis and Malcolm?® from wind-tunnel tests on oscillating
NACA 64A006 and 64A010 airfoils.

The second part of this discussion concerns the application
of the aerodynamic model to the prediction of the aeroelastic
stability of a two-degree-of-freedom airfoil. This aeroelastic
analysis was performed using eigenanalysis of the state equa-
tions. Many aeroelastic analyses, particularly those used in
the rotorcraft industry, still use incompressible unsteady aero-
dynamics for its simplicity, despite the limitations when ap-
plied to higher Mach number flows. Thus, to provide a ref-
erence, a comparison was undertaken to explore the limits of
classical incompressible theory. For this, Jones’ approxima-
tion to the Wagner function's was used for the circulatory lift.
The apparent mass terms? were also added.

Jones’ approximation to the indicial lift response is given
by

¢(S) = 1 — 0.165 exp(—0.0455S5) — 0.335 exp(—0.35)
(20)

from which a state-space equation for the lift response to an
arbitrary forcing can be readily written in the same manner
as the compressible indicial response functions described pre-
viously in Eq. (20). The additional apparent mass forces are

L = mpb? [h L Ve + go] 1)

M = mpb? [—%ﬁ v - %bé] (22)

From these relations, the noncirculatory lift and pitching
moment can be written as functions of the structural states
only. No additional states are required to model these non-
circulatory loads since they do not depend on the time history
of the airfoil, as they do for compressible flow conditions.
Thus, for incompressible unsteady flow, the time-varying air-
loads can be written as a six-state system with two inputs (e,
q) and two outputs (Cy, Cy).

In order to obtain results consistent with those obtained
with the compressible unsteady aerodynamics model, a Mach
number dependent normal force curve slope was used, along
with the corresponding aerodynamic center offset from the
i-chord. The first results presented are at a Mach number of
0.85. From Fig. 5, it can be seen that this Mach number is
typically where the largest deviations from aerodynamic lin-
earity occur, therefore, the flutter predictions should be the
most optimistic. The following mass and stiffness parameters
were used: x, = 0.25, r, = 0.5, w,/w, = 0.2, pitch axis =
0.25 chord (a;, = —0.5), which are consistent with those used
by Lee? and Yang et al.2 A mass ratio of u = 100 was used,
and no structural damping was included, i.e., g, = g, = 0.

The solution of this 12 X 12 eigenvalue problem yields the
aeroelastic modes and the eigenvalues A\, = o, + iw,. For
any o, > 0, the aeroelastic system is unstable. The corre-
sponding damping ratio associated with each aeroelastic mode
is given by

& = —o/Voi + wi (23)

If any of the eigenvalues exhibit a negative damping ratio,
the system is unstable.

From such an eigenanalysis, it is found that, for the con-
ditions considered here, there are generally six highly damped
acroelastic modes and two pairs of complex conjugate eigen-
values that are associated with the structural modes. An ad-
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ditional complex conjugate pair appears that has a low fre-
quency and is highly damped. This is a torsional mode that
is coupled with the unsteady aerodynamics. For the particular
example considered here, a root locus plot is shown in Fig.
6. With increasing velocity, the torsion branch moves directly
into the stable left plane and the bending branch becomes the
flutter mode.

A corresponding plot of the damping ratio vs nondimen-
sional velocity for the bending mode is shown in Figs. 7.
Results from Lee? are also presented along with results from
classical unsteady incompressible flow theory. The present
method predicts that bending flutter will occur at a nondi-
mensional speed of V/bw, = 4.4. This compares well with
Lee’s prediction of V/bw, = 4.3. Note that unsteady incom-
pressible flow theory gives a significantly higher flutter speed.

In Fig. 8, the flutter speed at M = 0.85 is computed for a
range of mass ratios p and is compared with the results of
both Lee,” and Guruswamy and Yang.’ The agreement is
extremely good and gives considerable confidence in the util-
ity of the present method for quantitative flutter predictions
at transonic Mach numbers.
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Fig. 6 Root locus plot for aeroelastic system at M = 0.85.
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The determination of the transonic flutter boundary was
also conducted in this study. The problem of determining the
flutter boundary basically becomes a search for lowest speed
for which ¢, becomes positive. For the purposes of this cal-
culation, values of the lift curve slope and aerodynamic center
for the NACA 64A006 were derived from the experimental
measurements given in Ref. 21, as well as from the static data
computed by LTRAN2-NLR and STRANS2/UTRANS2 as
given in Ref. 22.

Typical results for the flutter boundary are shown in Figs.
9, where the nondimensional flutter speed is plotted vs Mach
number. Figure 9a presents the flutter boundary computed
by STRANS2/UTRANS? and the present method, using the
following as inputs: 1) the static data from STRANS2/
UTRANS?2, 2) experimental data, and 3) conventional sub-
sonic linear theory (x,. = 0.25, Cy = 2#/B). Figure 9b
presents the flutter boundary compufed by LTRAN2-NLR
and the present method using the static data from LTRAN2-
NLR. With conventional linear theory, the flutter speed de-
creases continuously with increasing Mach number. The de-
crease in flutter speed is a direct result of the increase in lift
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curve slope with increasing Mach number. When a Mach
number dependent aerodynamic center is included, it is clear
that the sudden aft movement in x,. due to the developing
supercritical flow is responsible for the rapid increase in the
flutter speed. As other studies have noted, the transonic dip
phenomena, a dip in the flutter speed at some critical speed,
is a result of these two changes. This phenomena is well pre-
dicted by the present theory using C, (M) and x, (M) pre-
dicted by the CFD analyses. Howevef, as shown in Fig. 3,
the CFD analyses predict a significantly different acrodynamic
center compared to the test data, and this is responsible for
the different behavior seen in the flutter boundary.

IV. Conclusions

A method has been presented that quite adequately ap-
proximates the unsteady aerodynamics of an airfoil operating
in transonic flow. The approach also allows the unsteady aero-
dynamics for arbitrary forcing to be described by a system of
first-order ordinary differential equations, i.e., in state-space
form. Validation has been conducted with CFD data for os-
cillating airfoils in transonic flows. The state equations gov-
erning the unsteady aerodynamic behavior of the airfoil have
also been directly appended to the structural response equa-
tions. The resulting aeroelastic behavior of the airfoil section
has been analyzed as a standard eigenvalue problem.

To illustrate the utility of the overall method, an aeroelastic
analysis has been conducted on the NACA 64A006 airfoil in
transonic flow. Values for the static lift curve slope and aero-
dynamic center on the airfoil for various Mach numbers were
obtained from a CFD analysis as well as experimental mea-
surements and used as the only input to the model. It was
shown that the transonic dip phenomena is well predicted if
the static lift curve slope and the aft moving aerodynamic
center in transonic flow are properly represented.

It has been shown that flutter predictions are in good agree-
ment with those calculated using more sophisticated nonlinear
aerodynamic models. A significant improvement in predictive
capability has been demonstrated compared to classical in-
compressible theory, but with only a moderate increase in
computational effort. Flutter predictions using classical in-
compressible theory were significantly optimistic as compared
to the CFD solutions, whereas the present method solutions
compared quite well with the CFD results.

This method is not presented as a replacement for CFD-
based transonic aeroelasticity analyses, but rather it is pre-
sented as an extremely cost effective way of obtaining the
unsteady airloads in aeroelastic stability studies, particularly
for preliminary design. The process of determining a typical
flutter speed required only a few seconds of CPU time on a
SUN 3/60 computer using eigenanalysis. In addition, only two
coefficients are required to characterize an airfoil using this
method, the static lift curve slope and the aerodynamic center
offset. Although these must be determined for a range of
Mach numbers, these data are typically required for even a
simple quasisteady aeroelastic analysis and are readily ob-
tainable.

Because of its generality for different Mach numbers, this
method is particularly useful for the comprehensive aeroe-
lastic analysis of helicopter rotors, where identification of the
aerodynamic states is difficult or impossible. Furthermore,
since constraints are not placed on the solution algorithm, the
method is a useful enhancement to many existing codes for
aeroelasticity and flutter analysis that may presently be based
on incompressible flow assumptions.
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